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Abstract
We study the first law of thermodynamics in IR modified Hoˇrava-Lifshitz spacetime. Based on the
Bekenstein-Hawking entropy, we obtain the integral formula and the differential formula of the first
law of thermodynamics for the Kehagias-Sfetsos black hole by treating ω as a new state parameter
and redefining a mass that is just equal to MADM obtained by Myung[33] if we take α = 3pi/8.
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I. INTRODUCTION
Many researchers are focused on black hole physics, and many significant and interesting
results have been achieved, including Hawking radiation, black hole thermodynamics, and so
on. In 1973, Bardeen, Cater, and Hawking found that the integral formula for the first law of
black hole mechanics for a stationary axisymmetric asymptotically flat black hole is given by
[1]
M =
κ
4π
A+ 2ΩHJH +
1
4π
∫
S
Rbaξ
a
(t)dΣb, (1.1)
where κ, A, ΩH , JH , R
b
a, ξ
a
(t), dΣb are the surface gravity at the event horizon, the area of the
event horizon, angular velocity, angular momentum, Ricci tensor, timelike Killing vector, and
surface element, respectively. Using Eq.(1.1), they obtained the differential formula for the
first law of black hole mechanics [1]
δM =
κ
8π
δA+ ΩHδJH +
∫
ΩδdJ +
∫
µδdN +
∫
θδdS, (1.2)
where δdN is the change in the number of particles crossing dΣb, δdS is the change in the
entropy crossing dΣb, µ is the “redshifted ”chemical potential and θ is the red-shifted temper-
ature. Then Bekenstein [2] introduce the concept of thermodynamics into black hole physics
and Hawking [3] proved that the black hole is indeed not entirely black and emits radiation by
using the quantum fields theory in curved spacetime. Thus, the temperature and entropy of
black holes are given by
T =
κ
2π
, S =
A
4
. (1.3)
Recently, Hoˇrava [4–6] proposed a new class of quantum gravity that is nonrelativistic and
power-counting renormalizable. It is a theory with higher spatial derivatives, and the key
property of this theory is the three-dimensional general covariance and time reparameteriza-
tion invariance. It is this anisotropic rescaling that makes Hoˇrava’s theory power-counting
renormalizable. Therefore, a lot of attention has been focused on this theory of gravity, and its
cosmological applications have been studied [8–15]. Some static spherically symmetric black
hole solutions have been found in Horˇava’s theory [16–22]. The general IR vacuum has a
nonzero cosmological constant in Horˇava’s theory[7]. In order to get a Minkowsky vacuum in
the IR region, one must add a new term µ4R(3) in the action and take the ΛW → 0 limit for the
cosmological constant ΛW . This does not change the UV properties of the theory, but it alters
the IR properties. Making use of such a modified action, Kehagias and Sfetsos [14] obtained the
asymptotic flat spherically symmetric vacuum black hole solution(KS black hole). This black
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hole behaves like the Reissner-Norstro¨m black hole and has two event horizons. Moreover, the
heat capacity is positive for the small black hole, and it is negative for the large one. It means
that the small black hole is stable in the Horˇava’s theory, which is quite different from that of
the Schwarzschild solution in Einstein’s theory. The investigation of the quasinormal modes of
the massless scalar perturbations shows that the perturbations live longer in the IR modified
Hoˇrava-Lifshitz spacetime [30, 31]. These results imply that distinct differences exist between
Hoˇrava-Lifshitz’s theory and Einstein’s gravity.
Because gravity theory, quantum theory, and statistical mechanics are merged into black
hole thermodynamics, it is believed that some clues on quantum effects of gravity would be
revealed in black hole thermodynamics. Therefore, a lot of attention [23–27] has been focused
on black hole thermodynamics for Hoˇrava-Lifshitz gravity, and thermodynamics for the KS
black hole was also investigated and some peculiar results were obtained [28, 29]. The general
procedure for investigating KS black hole thermodynamics is to assume that the first law of
thermodynamics is [28, 29]
dm = TdS, (1.4)
and the entropy is obtained as [28, 29]
S =
∫
dm
T
+ S0 = πr
2
+ +
π
ω
log(r2+) + S0 =
A
4
+
π
ω
log(r2+) + S0, (1.5)
with S0 as an integration constant.
We have several comments regarding the above equations: (i) compared with the Reissner-
Nordstro¨m black hole, we know that Eq.(1.4) is flawed for the KS black hole, and it should be
modified with a work term. (ii) It is obvious that the integral formula
m = kTS, (1.6)
is not satisfied for the KS black hole, where k is a proportional constant (for example, k = 2
for 4-dimensional Schwarzschild spacetime and k = (d − 2)/(d − 3) for the d-dimensional
Schwarzschild spacetime), and (iii) the expression for entropy of the KS black hole is not
consistent with Bekenstein-Hawking entropy, S = A/4.
In order to solve the above problems uniformly, motivated by [32], we find that ω in the KS
black hole can be viewed as a charge in some degree. By using the entropy of the KS black
hole, which is consistent with Bekenstein-Hawking entropy, and redefining a new mass, the
integral formula and differential formula of the first law of thermodynamics for the KS black
hole, which are compatible with each other, can be obtained.
The remainder of this paper is organized as follows: In Sec. II, we give a brief description of
the solution in the IR modified Hoˇrava-Lifshitz black hole spacetime. In Sec. III, the integral
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and differential form of the first law of thermodynamics for the KS black hole are presented.
In Sec. IV, the statistical entropy for the KS black hole is studied. Finally, we summarize our
conclusions in the last section.
II. BLACK HOLE IN IR MODIFIED HOˇRAVA-LIFSHITZ GRAVITY
The general metric can be written in the following form in the (3+1)-dimensional Arnowitt-
Deser-Misner formalism:
ds2 = −N2dt2 + gij(dxi +N jdt)(dxj +N jdt), (2.1)
and its extrinsic curvature Kij is
Kij =
1
2N
(g˙ij −∇iNj −∇jNi) . (2.2)
In the Hoˇrava theory, a modified action in the IR region is given by [14]
SHL =
∫
dtd3x
(
L0 + L˜1
)
,
L0 = √gN
{
2
κ2
(KijK
ij − λK2) + κ
2µ2(ΛWR
(3) − 3Λ2W )
8(1− 3λ)
}
, (2.3)
L˜1 = √gN
{
κ2µ2(1− 4λ)
32(1− 3λ) (R
(3))2 − κ
2
2w4
(
Cij − µw
2
2
R
(3)
ij
)(
C ij − µw
2
2
R(3)ij
)
+ µ4R(3)
}
,
(2.4)
where κ2, λ, µ, w, and ΛW are constant parameters, R
(3) and R
(3)
ij are three-dimensional spatial
Ricci scalar and Ricci tensor. The Cotton tensor Cij is
C ij = ǫikℓ∇k
(
R(3)j ℓ −
1
4
R(3)δjℓ
)
. (2.5)
Taking the ΛW → 0 limit and letting λ = 1, it was found that the speed of light and the
Newton constant are described by the following relations [14]:
c2 =
κ2µ4
2
, G =
κ2
32πc
. (2.6)
Considering a static and spherically symmetric background as
ds2 = −N2(r)dt2 + dr
2
f(r)
+ r2(dθ2 + sin2 θdφ2), (2.7)
Eq.(2.4) is changed into
L˜1 = √gN
{
3κ2µ2
64
(R(3))2 − κ
2µ2
8
R(3)ijR
(3)
ij + µ
4R(3)
}
, (2.8)
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where
R(3)ijR
(3)
ij =
f ′(r)2
r2
+
(−2 + 2f(r) + rf ′(r))2
2r4
, R(3) = −2(−1 + rf(r) + f
′(r))
r2
. (2.9)
Varying the action with N(r) and f(r) respectively, we then obtain the KS black hole solution[14]
N2(r) = f(r) = 1 + ωr2 −
√
ω2r4 + 4ωmr, (2.10)
where m is an integration constant related to the black hole mass.
The parameter m can be expressed by horizon radius r+ as
m =
1 + 2ωr2+
4ωr+
. (2.11)
The outer and inner event horizon are given by
r+ = m+
√
m2 − 1
2ω
, r− = m−
√
m2 − 1
2ω
, (2.12)
with m2 ≥ 1
2ω
, and the extremal black hole should be satisfied m2 = 1
2ω
. The surface gravity is
κ =
f ′(r+)
2
=
2ωr2+ − 1
4r+(1 + ωr2+)
, (2.13)
and the corresponding temperature is given by
T =
κ
2π
=
2ωr2+ − 1
8πr+(1 + ωr
2
+)
. (2.14)
III. FIRST LAW OF THE KS BLACK HOLE
For an asymptotically flat black hole, Bardeen, Cater and Hawking [1] gave a differential
geometric method to calculate the integral formula and differential formula of black hole me-
chanics. Because the KS black hole is an asymptotically flat black hole, we will follow Bardeen,
Cater and Hawking [1] to obtain the integral and differential formula for the KS black hole.
According to Eq.(2.10), we know that there exist two Killing vector fields, i.e., the timelike
Killing vector field and the spacelike Killing vector field, which are denoted by ξ(t) and ξ(ϕ),
respectively. These Killing vector fields obey equations [1]
∇bξ(t)a = ∇[bξ(t)a], ∇bξ(ϕ)a = ∇[bξ(ϕ)a], (3.1)
ξb(ϕ)∇bξ(t)a = ξb(t)∇bξ(ϕ)a, (3.2)
∇bξa(t)b = −Rab ξb(t), (3.3)
5
∇bξa(ϕ)b = −Rab ξb(ϕ), (3.4)
where ∇a represents a covariant derivative, and the square brackets around indices imply
antisymmetrization.
One can integrate Eq.(3.3) over a hypersurface S and transfer the volume on the left to an
integral over a 2-surface ∂S bounding S
∫
∂S
∇bξa(t)dΣab = −
∫
S
Rab ξ
b
(t)dΣa, (3.5)
where dΣab and dΣa are the surface elements of ∂S and S, respectively. The boundary ∂S of
S consists of ∂SB and a 2-surface ∂S∞ at infinity. Calculating the left expression in Eq.(3.5)
at infinity, we have
∫
∂S∞
∇bξa(t)dΣab = −4πm, (3.6)
where m is the mass as measured from infinity.
Substituting Eq.(3.6) into Eq.(3.5), we have
m =
1
4π
∫
∂SB
∇bξa(t)dΣab +
1
4π
∫
S
Rab ξ
b
(t)dΣa. (3.7)
Introducing the null vector la, which is equivalent to the timelike Killing vector in our case
la = ξa(t), (3.8)
using the surface gravity
κ = la;bl
anb, (3.9)
and the surface element of the event horizon dΣab
dΣab = l[anb]dA, (3.10)
Eq.(3.7) can be rewritten as
m =
κA
4π
+
1
4π
∫
S
Rabξ
b
(t)dΣa. (3.11)
Because ξ(t) is a timelike Killing vector, we let ξ(t) = (1, 0, 0, 0) for the KS black hole. Therefore,
the second term in the right side of Eq.(3.11) can be expressed as
1
4π
∫
S
Rab ξ
b
(t)dΣa =
1
4π
∫
S
R00ξ
0
(t)dΣ0, (3.12)
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with
R00 = −
3ω2
(
2m2 + 6ωmr3 + ω2r6 − 4mr√ω2r4 + 4ωmr − ωr4√ω2r4 + 4ωmr
)
(ω2r4 + 4ωmr)
3
2
. (3.13)
Substituting Eq.(3.13) into Eq.(3.12), we get
1
4π
∫
S
Rab ξ
b
(t)dΣa =
1 + 4ωr2+
4ωr+(1 + ωr2+)
. (3.14)
Then substituting Eq.(3.14) into Eq.(3.11), and considering Eq.(1.3), we have
m = 2TS +
1 + 4ωr2+
4ωr+(1 + ωr2+)
. (3.15)
Comparing Eq.(2.12) with the outer and inner event horizon of the Reissner-Nordstro¨m black
hole
r+ = m+
√
m2 −Q2, r− = m−
√
m2 −Q2 (3.16)
and motivated by [32], it is obvious that 1
2ω
is equivalent to Q2, and this means that we could
view 1
2ω
as a charge in some degree. Therefore, we can formally recast Eq.(3.15) into
M = 2TS + V
1√
2ω
, (3.17)
where M is a new mass, and V is the potential corresponding to 1√
2ω
. At the same time, the
differential formula of the first law should be taken in the following form:
dM = TdS + V d(
1√
2ω
). (3.18)
According to the exact differential condition
∂
∂ω
(
2πTr+
)
=
∂
∂r+
(
− V
2
√
2ω
3
2
)
, (3.19)
and using Eqs.(3.18) and (2.14), we get the expressions for M and V
M =
r+
2
− 3
4
√
ω
arctan(r+
√
ω) + h(ω), (3.20)
V = −3((1 + ωr
2
+) arctan(
√
ωr+)−
√
ωr+)
2
√
2(1 + ωr2+)
− g(ω), (3.21)
where g(ω) and h(ω) are two integration parameters. The relation between them is confined
by Eq.(3.18), i.e.,
h′(ω) =
g(ω)
2
√
2ω
3
2
. (3.22)
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Substituting Eqs. (3.20) and (3.21) into Eq. (3.17) and together with Eq.(3.22), we obtain
h(ω) =
α√
ω
, g(ω) = −
√
2α, (3.23)
where α is an integration constant.
Then the expressions for M and V from Eqs. (3.20), (3.21) and (3.23) are
M =
r+
2
− 3
4
√
ω
arctan(r+
√
ω) +
α√
ω
, (3.24)
V =
3r+
√
ω + 4α(1 + ωr2+)− 3(1 + ωr2+) arctan(
√
ωr+)
2
√
2(1 + ωr2+)
. (3.25)
We should note that α > 3
4
arctan 1√
2
− 1
2
√
2
to keep M is positive. We also note that the
expression for M in Eq.(3.24) is the same as the mass MADM in Ref. [33] if we take α =
3π
8
.
The above discussions show that the integral and differential formula of the first law of
thermodynamics for the KS black hole can be expressed as Eqs.(3.17) and (3.18), and the
expressions for M and V are given by Eqs.(3.24) and (3.25).
IV. STATISTICAL ENTROPY FOR THE KS BLACK HOLE
The purpose of this section is to demonstrate that Bekenstein-Hawking entropy also exists
for the KS black hole. If we recover ~, Eq.(1.5) is changed into
S =
∫
dm
T
+ S0 =
πr2+
~
+
π
ω~
log(r2+) + S0 =
A
4~
+
π
ω~
log(r2+) + S0. (4.1)
It is obvious that both the Bekenstein-Hawking term and the logarithmic term have the same
order of ~; therefore, it is inappropriate for one to view the logarithmic term as a higher order
quantum correction.
In what follows, we strictly prove that the entropy obtained from Eq.(4.1) is incorrect and
the Bekenstein-Hawking entropy, S = A/4, also holds for the KS black hole by using the thin
film brick wall model, provided that only the order of ~−1 is considered. For simplicity, we only
consider the massless case.
For massless particle, we have PµP
µ = 0, i.e.,
gttP 2t + g
rrP 2r + g
θθP 2θ + g
ϕϕP 2ϕ = 0. (4.2)
The module of the spatial component of the four-momentum is
P 2 ≡ PjP j = grrP 2r + gθθP 2θ + gϕϕP 2ϕ = −gttP 2t , (4.3)
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and the number of the quantum state is
Γ =
1
(2π~)3
∫
drdθdϕdPrdPθdPϕ. (4.4)
For convenience, we set P 21 = g
rrP 2r , P
2
2 = g
θθP 2θ , P
2
3 = g
ϕϕP 2ϕ, and take P
2 = P 21 + P
2
2 + P
2
3 .
Then, Eq. (4.4) becomes
Γ =
1
(2π~)3
∫
drdθdϕ
1√
grrgθθgϕϕ
4
3
πP 3
=
1
6π2~3
∫ √
gθθgϕϕgrrdrdθdϕ(−gttP 2t )
3
2
=
(−Pt)3
6π2~3
∫ √−Det
g2tt
drdθdϕ, (4.5)
where
√−Det = √−gttgrrgθθgϕϕ. The free energy is then given by
F (β) =
1
β
∫
dΓ ln(1− e−βω)
= −
∫ ∞
0
Γ
eβω − 1dω
= − 1
6π2~3
∫ ∞
0
(−Pt)3
eβω − 1dω
∫ r++ǫ+δ
r++ǫ
√−Det
g2tt
drdθdϕ
= − 2π
3
45β4
∫ r++ǫ+δ
r++ǫ
r2
g2tt
dr. (4.6)
From which we can get the entropy of the KS black hole
S =
8π3
45β(4π)2
r2+δ
ǫ(ǫ+ δ)
=
πr2+
90β
δ
ǫ(ǫ+ δ)
=
A
4
, (4.7)
where we let δ
ǫ(ǫ+δ)
= 90β. Equation (4.7) implies that the semiclassical entropy for the KS
black hole satisfies the Bekenstein-Hawking entropy.
V. CONCLUSION
We have studied the first law of thermodynamics for the KS black hole. If we assume that
the differential formula of the first law of thermodynamics is dm = TdS, some unsatisfactory
results occur, i.e., the Bekenstein-Hawking entropy and the integral formula of the first law of
thermodynamics do not hold. By analogy with the Reissner-Nordstro¨m black hole, we know
that Eq.(1.4) is flawed for the KS black hole and it should be modified with a work term.
Based on Bekenstein-Hawking entropy, following the method provided in Ref. [1], we obtain
the integral formula (3.17) and the differential formula (3.18) of the first law of thermodynamics
for the KS black hole by treating ω as a new state parameter and redefining a new mass (3.24).
The new mass is just equal to MADM in Ref. [33], if we take α = 3π/8.
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